A simulation of the NC-shape grinding process of free formed surfaces is considered. A central issue in the simulation is the numerical solution of dynamic Signorini problems. Here, space adaptive techniques for such problems are discussed. The Newmark method in time and low order finite elements in space are used for discretisation. For the global discretisation error in space, an a posteriori error estimate is derived on the basis of the semi-discrete problem in mixed form. This approach relies on an auxiliary problem, which takes the form of a variational equation. An adaptive method based on the estimate is applied to improve the finite element approximation. Numerical results illustrate the performance of the presented method.
In the simulation, we have to take into account that the workpiece interacts with the grinding wheel only in a small contact zone. However, the behaviour of the grinding machine is strongly affected by the resulting contact forces. For a reliable simulation, a precise prediction is required of the contact forces, the contact zone and their effects onto the whole body. Furthermore, the contact zone and the contact forces are strongly depending on time. Hence, the precise consideration of these dependences is essential in the numerical simulation. An adequate technique, which gives rise to a flexible and efficient finite element discretisation, is based on a posteriori error control and resulting adaptive mesh refinement. To integrate the adaptive refinement into the grinding simulation, we estimate the error by using the data of the current time step, only. The time step size is prescribed by the geometric-kinematic simulation. Thus, adaptivity in time is not needed. We use finite differences in time and finite elements in space to discretise the dynamic Signorini problems. The aim of this article is to derive an error estimator for the finite element discretisation in space direction. Therefore, we apply an error control technique for static contact problems, which goes back to Braess [2] and Schröder [3] , to the semi discrete spatial problem. In [4, 5] similar ideas are used to derive a posteriori error estimates for dynamic obstacle and dynamic simplified Signorini problems, which are model problems for the problem under consideration. In these articles, adaptive refinement techniques based on the a posteriori error estimates are described. For a further survey concerning the discretisation of dynamic contact problems and adaptive methods see [4, 5] and the references therein. The article is organised as follows: In the next two sections, the strong and weak formulations of the dynamic Signorini problem are introduced and the discretisation of the problem is discussed. In Section 4, the spatial error estimator is derived. Then, an example illustrates the application of the mentioned techniques. The article concludes with a discussion of the results.
CONTINUOUS FORMULATION
In this section, we present the strong and the weak formulation of the dynamic Signorini problem. The domain Ω is assumed to be a subset of We assume a linear elastic material model with small deformations. The linearized strain operator is given by
, where u ∇ is the gradient of the displacement u in space direction. The first and second time derivatives are denoted by u′ and u ′ ′ , respectively. The stress operator of linear elasticity, which is defined by the modulus of elasticity E and by Poisson's number , ν is ( ) V The precise definition of the function space may be found in [5] .
For the description of the contact conditions, the techniques presented in [6] , Chapter 2, are used. The time dependent gap function is denoted by g . The displacement in normal direction is given by
Here, the restriction
analogously. The set of admissible displacements is
. The function f represents the volume forces.
Eventually, the weak formulation of the dynamic Signorini problem, see e.g. [7] , reads If the solution is sufficiently smooth, we obtain the equivalent strong formulation (see [7] )
DISCRETISATION
We use Rothe's method to discretise the dynamic Signorini problem. First, the temporal direction is discretised by the Newmark method. The resulting spatial problems are approximately solved by low order finite elements.
Temporal Discretisation
The time interval I is split into N equidistant subintervals 
Here, α and β are free parameters in the interval [ ] 2 , 0 . For second order convergence, the parameter α has to be chosen as 5 . 0 . Furthermore, the inequality 5 . 0 2 ≥ ≥ α β has to be valid for unconditional stability. For dynamic contact problems, the choice 5 . 0 = = β α is recommended to guarantee conservation of energy and momentum (see [8] ). An efficient way for solving variational inequalities is given by their mixed formulation. Especially, the included Lagrange parameters may be interpreted as contact forces. Following the ideas of [5] , the semi-discrete problem in mixed form reads as follows: 
Spatial Discretisation
A finite element approach is applied to discretise the mixed Problem 1 . 3 . We use adaptive algorithms with dynamic meshes. Therefore, the trial spaces for stability reasons. A detailed study of the stability properties of this discretisation can be found in [3] . If the meshes differ between two time steps, the data of the previous time step have to be transferred from the previous mesh to the current one. This is done by an . The system (12-13) can be rewritten as a quadratic optimisation problem, which can be solved, e.g., by SQP methods. More details can be found in [3] .
SPATIAL ERROR ESTIMATION
In this section, an error estimate is derived for the spatial error in every time step. The estimation is easy to implement and can be evaluated fast. The temporal error is not considered. The idea of the error estimation goes back to Braess [2] , who presented it for static obstacle problems. This idea was extended by Schröder [3] to static Signorini problems even with friction by introducing a general framework for error control of variational inequalities in Hilbert spaces. In order to apply this framework here, we consider the following saddle point problem: An essential part of the general framework in [3] is the formulation of the auxiliary problem: There are constants
Here, ⋅ denotes the norm corresponding to the related function spaces. We use the ( ) always turned out to be of higher order in h , see [3] . Since it is difficult to split this term into its element-wise contributions, it is neglected in the numerical realisation.
We have used the discrete value specifies a temporally local error estimator for the spatial discretisation error. This technique is commonly used in the derivation of error estimators for numerical methods for ordinary differential equations, see, e.g., [10] . The presented error estimator expresses the spatial error distribution in the single time steps. But it only provides information about the global error under the assumption n n h F F ≈ , which should hold for small k and h . An a priori error analysis of the Newmark method in the context of dynamic contact problems is needed to make a precise statement. To the best of the authors' knowledge, this analysis does not exist and cannot be derived by standard techniques due to the low regularity of the continuous solution.
(a) Grinding-wheel (b) Workpiece Figure 1 : Geometry of the grinding-wheel and the workpiece
NUMERICAL RESULTS
In this example, we concentrate on the decisive part of the grinding-wheel-spindle-system for the contact simulation, i.e., we only discretise one quarter of the outer grinding-wheel. In Figure  1 (a), the domain is depicted. The radius of the grinding-wheel is mm 100 and the radius of the torus is mm.
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Homogeneous Dirichlet boundary conditions are assumed at both ends. The following material parameters are chosen: 
